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' Abstract 

Four-point functions of -R-currents are discussed within Anti-de Sitter supergravity. In par- 
ticular, we compute Witten diagrams with graviton and gauge boson exchange in the high 
energy Regge limit. Assuming validity of the AdS/CFT correspondence, our results apply to 
-R-current four-point functions of A/" = 4 super Yang-Mills theory at strong coupling. 
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1 Introduction 

Studies of the Regge limit for scattering amplitudes go back to the 1960ies when experiments started 
to explore the high energy regime of quantum field theories. In Quantum Chromodynamics (QCD), 
' the weak coupling limit of the Regge limit turned out to be dominated by the BFKL Pomeron 

[H O [3] which represents a bound state of two reggeized gluons. More general, high energy 
scattering amplitudes in QCD can be written in terms of reggeon field theory with reggeized 
gluons [4] as the fundamental degrees of freedom. The BFKL Pomeron is an intriguing starting 
point for analyzing both the NLO corrections [H [U [7] to the BFKL kernel and for generalizing 
\ the BFKL equation to the more complex BKP states in the t channel [8l[9l[T0]. In the context of 

large- A'c limits, the BFKL Pomeron represents the leading approximation of the elastic scattering 
amplitude (color singlet exchange) . The BKP states have been found to be integrable for large 
^ ' [HI [H US], and these links of high energy QCD with integrable models have raised hopes for at 

H \ least partial solutions. 

Investigations of the planar Regge limit were mostly performed perturbatively, i.e. for small 't 
Hooft coupling A. Up until 1997, strongly coupled gauge theory has remained largely inaccessible, 
at least with analytical tools. The situation has changed through the discovery of the AdS/CFT 
correspondence [HI [HI [Ej . It relates many interesting superconformal gauge theories to string 
theories in Anti-de Sitter backgrounds. The simplest example of such a correspondence involves 
N — A: supersymmetric Yang-Mills theory in four space-time dimensions. This theory is an attrac- 
tive toy model. While being severely constrained by its symmetries, the leading Regge asymptotics 
is identical to that of QCD. The dual description is given by type IIB string theory on AdS^ x . 
Even though the latter is very difficult to solve completely, calculations may be performed for large 
radius R of AdS^ using the approximate description through classical supergravity. According to 
the AdS/CFT correspondence, the supergravity Hmit of string theory is dual to gauge theory at 
strong coupling A — ^ oo. 

In Quantum Chromodynamics, the scattering of electromagnetic currents provides a reliable 
environment for studying the Pomeron [iTtllSj: at large virtuality of the external photons, the QCD 
coupling constant is small, and the use of perturbation theory is justified. A/" = 4 super Yang-Mills 
theory contains close relatives of electromagnetic current [l^ , namely the i?-currents which belong 
to the global SUr{A) group. Therefore, is seems natural to further explore the Pomeron, within the 
AdS/CFT correspondence, by investigating four-point correlators of i?-currents in A/" = 4 super 
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Yang-Mills theory. In the weakly coupled regime, the relevant correlation functions have been 
investigated [20j. Similar to the QCD case, in the high energy limit the scattering amplitude has 
the form of a convolution of the two i?-current impact factors 



(2^ 



k^{q-k) 
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-^Ps{Ql;k,q~k), 



(1.1) 



where k, q are two-dimensional transverse momentum vectors with t = — q^, Q\ and Q\ are the 
virtualities of the two incoming i?-currents (for simpHcity we take the virtualities of the outgoing 
currents to be identical to the incoming ones). HeHcity is conserved, and Pa, Pb denote the 
polarizations of the two incoming external currents (transverse or longitudinal) . The impact factors 
$A, for the i?-currents in A/" = 4 have been calculated explicitly [20]. When including higher 
order corrections in the leading logarithmic approximation the two gluon propagators are replaced 
by the BFKL Green's function 



and the leading singularity in the lo plane is located at ujq = ANcUs ln2/7r. It may be worthwhile 
to recall that the high energy behavior (|1.2p also allows to address the short distance behavior of 
the operator product of the i?-currents: by considering the limit Q\ ^ Q\ (like in deep inelastic 
electron proton scattering), the BFKL Green's function can be used to derive, in particular, the 
anomalous dimension of the leading twist two gluon operator expanded around the point w = 0. 

As we recalled in the previous paragraph, the Hmit of strong coupling is determined by classical 
supergravity. Techniques for the relevant supergravity computations were developed starting from 
[15] . They have been applied to calculate many two- and three-point correlation functions [211 ESI 
[231 [24] as well as four-point correlators [25l[26l[27l[28l[29l|30l[3ll[32l[33l[34|- Just as in the case 
of weak coupling, most of the supergravity amplitudes possess unpleasant divergencies which must 
be renormaHzed [35l[36l[37l[38l[39l[40l[4ll[^[43]. In evaluating the Regge Hmit of four-point 
amplitudes we actually meet a pleasant surprise. It turns out that UV-divergent terms do not 
contribute to the high energy Regge Hmit of scattering amplitudes. The main reason is that, in 
the Regge limit, the coordinates of the i?-currents on the boundaries are well separated from each 
other, thus avoiding the ultraviolet divergencies. Therefore, none of the calculations performed 
below requires holographic renormalization. 

In this paper we calculate the high energy Hmit for the four-point correlation function of R- 
currents at strong coupHng, restricting ourselves to the leading term, i.e. in the supergravity 
regime. We evaluate contributions from graviton and gauge boson exchange in the bulk and 
show that the leading Regge asymptotics is determined entirely by the t-channel exchange of bulk 
gravitons. All other amplitudes, including those from s- and u-channel exchange of gravitons and 
of gauge bosons, are suppressed by at least one power of the energy. Let us mention that there 
exist a variety of other approaches to high energy scattering at strong coupling [44ll45l [46ll47l[48] . 
[49l [50l ISlj and [52^ .53, .Mj i55j. Our work has a somewhat different take in that is focuses on 
i?-currents. Furthermore, the results are obtained by thoroughly analyzing the underlying Witten 
diagrams, without any shortcuts or additional assumptions. 

Let us briefly describe the content of the following sections. We shaH begin with a more expos- 
itory part in which some of the relevant background material is presented. In order to define the 
high energy limit in Section [2TT] aH relevant propagators must be transformed to momentum space. 
Section 3 is devoted to a rather detailed calculation of the graviton exchange. The corresponding 
scattering amplitude is proportional to the square of the total energy, [5^ . The properties of 
the amplitude are investigated in some detail. In particular, after performing an inverse Fourier 
transform on the transverse momenta of the process, we find a simple closed expression in configu- 
ration space. The resulting expression for the Regge limit of the graviton exchange can be written 
rather compactly in terms of a scalar propagator of AdS^. Moreover, we determine the expansion 




k)G{k, q k-k',q~ k'- uj)<^p^{Ql- fc', q - k'), (1.2) 
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coefficients for the amplitude written as a series in the exchanged momentum. We also investigate 
the dependence of the forward scattering amplitude on the virtualities of the process. In Section [4] 
we calculate the Regge limit of gauge boson exchange for general values of the exchanged momen- 
tum. As expected for the exchange of a vector boson, the amplitude is proportional to the total 
energy s. 

2 Definitions and ingredients from supergravity 

In this second section we shall formulate our main task we address and we provide the basic 
ingredients that are required for its completion. After a short review on the calculation of R- 
current correlators from supergravity, we list all the necessary building blocks. These include the 
bulk-to-bulk propagators for gravitons and gauge bosons in Anti-de Sitter space. 

2.1 Formulation of the Problem 

We consider J\f = 4 super Yang-Mills (SYM) theory in four dimensional EucHdean space. Let 
us pick one of its i?-currents by Jj with j labeling the spacial directions, i.e. j — 1, . . . , d — i. 
X = {xi,X2, x^, xa) denotes the four dimensional EucHdean vector. We are interested in evaluating 
the Fourier transform of the four-point correlator, 

i{2nf5{Y.P^)'^n3.3.,M) = j (ll'^"^' e'^^-^^ {Jni^i)J3A^2)JjM)JjA^4)) ■ (2.1) 

Due to the conservation of the i?-current, i.e. djJ^ = 0, the contraction of the quantity A with one 
of the four external momenta vanishes trivially. We can solve these Ward identities explicitly by 
projecting the scattering amplitudes, 

AMX,■MxA\P^ls.t) = E4^^(^^i)4''^(P2)e(^^Hpl)*e(^"^)(p4)*A,,,,,3,,(K) , A. = L,± , (2.2) 

with appropriate polarization vectors e^' (pi) satisfying ej'^''' (Pi) = along with an orthonormality 
condition. A set of polarization vectors with the required properties is spelled out in appendix 
A (eq. (Mil). For any given choice of polarizations, the resulting scattering amplitude can only 
depend on the two Mandelstam variables s and t. 

The perturbative computation of the full scattering amplitude in gauge theory and supergravity 
is possible, though a rather tedious exercise. In this study we shall only be interested in the Regge 
Hmit of the scattering amplitude A{s, t) of the process 1-1-2^3-1-4, i.e. in the Hmit where 
the total energy is much larger than the momentum transfer and the virtualities of the external 
currents. In Euclidean notation we have 

s = -{pi+p2)\-t = {pi+P3)\ (2.3) 

and |pi|, \p2\ (IpsI and \p4\) are the virtualities of the incoming (outgoing) currents. In order to 
take the limit we are interested in, namely 

(2.4) 

we have to go, via Wick rotation, to the Minkowski space. 

Our aim here is to calculate the amplitude l|2.ip in the limit of infinite 't Hooft coupling (the 
weak coupling Hmit has been addressed in [20]). To this end we make use of the conjectured 
AdS/CFT correspondence [14] between IIB string theory on AdSd+i space and M — 4 SU{Nc) 
super Yang-Mills theory. An efficient calculation can only be performed in the limit of large Nc 
(planar limit). At the same time we send the 't Hooft coupling A = gy^Nc to infinity. In this 
regime, the full string theory on AdSd+i is well approximated by classical supergravity. 
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The AdS/CFT correspondence comes with a prescription to compute correlation functions in 
the d-dimensional quantum field theory [TSt 116). To be more precise, sources (po of operators in 
super Yang-Mills theory correspond to the boundary values of supergravity fields in AdSd+i, i.e 
4>\dAds ~ 00- For an n-point function we have 

(J(l) J(2) . . . J{n))cFT = ^nj^^ ^^exp{-SAdsmo]])\^^^o ' (2-5) 

where the factor u;„ comes from the relative normalization of sources to 0o values and the nor- 
malization of the action [23]. On the right hand side, SacIS denotes a classical supergravity action 
that is evaluated with fixed boundary values of (f). 

Before we can spell out the supergravity theory we consider, let us briefiy fix some conventions 
concerning the Anti-de Sitter space AdSd+i- Its EucHdean continuation is parameterized by zo > 
and X with coordinates Xi enumerated by the Latin indices i = 1, . . . ,d. The metric is given by 

ds^ = ^{dzl + dx^), (2.6) 

^0 

where dx'^ can be related to the metric of Minkowski space by Wick rotation. The boundary of 
the Anti-de Sitter space is at zq = 0. Our computations will be performed for d = 4, the case that 
is relevant for QCD. 

Our supergravity calculations can be truncated consistently to a theory involving fiuctuations 
of the metric on AdSd+i along with fiuctuations of an U{1)r gauge field A^. The latter is related 
to the gauge theory i?-currents through the AdS/CFT correspondence. The relevant supergravity 
action reads 

5 = ^ y d^+'z^i-n + A) + Sra, (2.7) 

with TZ being the scalar curvature and where the covariant matter action is [211 EH ISll [33] 



2^ / "'"'^ 



1 -ik 

fiiy-^ I 24y^ ^'^ pcr^A -^fi^ T ■ 



(2., 



Here 2k^ = Ibn"^ R^/N^, R denotes the radius of AdS^, and F^i/ is the field strength of the gauge 
field A, as usual. Throughout this note, Greek indices refer to the {d + l)-dimensional space, i.e. 
they take values from to d. Latin subscripts, on the other hand, parameterize directions along 
the Euclidean d-dimensional boundary of AdSd+i- Repeated indices are always summed over after 
they have been lowered. To lower indices we use the d + 1-dimensional metric. The coefficient k 
of the Chern-Simons is an integer. 

Evaluation of the four-point correlation function of i?-currents using eq. I|2.5p along with eq. 
I|2.7p is, in principle, rather straightforward. In practice, we can use a very convenient and intuitive 
diagrammatic procedure that was first proposed by Witten [15] and then developed further by many 
other authors. In our case, the computation of the relevant Witten diagrams requires only three 
basic building blocks. These include the bulk-to-bulk propagators for the graviton and the gauge 
i?-bosons as well as the bulk-to-boundary i?-boson propagator. They are connected by vertices 
which can be inferred form eqs. (|2.7p and (|2.8p . The diagrams that shall be analyzed below 
are plotted in Fig. [TJ We are only interested in their leading Regge behavior. Since the regime 
i|2.4p is characterized through momenta, it is necessary to transform the various propagators to 
momentum space. In order to make our presentations reasonably self-contained, we shall list the 
Fourier transform of the basic building blocks in the following three subsections. 



2.2 Bulk-to-bulk propagator of the gauge boson 

Let us begin by discussing the Fourier transform of the bulk-to-bulk gauge boson propagator. 
According to [58], its coordinate space representation is given by 

G^,>iz,w) - -id^d,>u)F{u)+d^d,.>Siu) , (2.9) 
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Figure 1: Witten diagrams for the graviton and boson exchange in the t— channel, respectively 



where 9^ is the derivative with respect to and d^i denotes derivatives with respect to the 
components w^' . The propagation of the physical components are described by the massive scalar 
propagator F with mass parameter — — (d — 1), 

The function S{u), on the other hand, is a gauge artifact. We shall not need its form below. The 
so-called chordal distance variable m, finally, is defined by 

(z — ^ 1 2wr)Zr) 

u=- C== = ^5 ^r-^ (2-11 

zzqWo l + u 2q + Wq + — wY 

where (z — w)^ = 5^^{z — w)^{z — w)^, is the so-called flat Euclidean distance. In spelling out the 
Fourier transform, we distinguish two different cases according to whether the second index i'' is 
parallel or transverse to the boundary of AdSd+i- In the first case where 1^' = j, the result of the 
Fourier transform reads 

2^-''{zoWoy/^-^ 



d^xe"'--' Gi,j{zo,Wo,x) = qf,qjS + _^ d/2)T{k + 1) 

Sf,] y °^^2 J K2k+d/2-li\q\^o) - Sf^O^qjWo °^^2 j K2k+d/2~2i\q\^Q) 



where x — z ~ w and 5 is the Fourier transform of 5*. Moreover, we introduced the function 
tuq ~ ^^{zojWo) — \/ Wg + Zq. Here and below, Km{x) denotes the modified Bessel function. 

In the second case, when u' — 0, the Fourier transform of the gauge boson's bulk-to-bulk 
propagator reads, 

2^~'^{zoWoY/^'^ 



G^Q{zQ,WQ,q) = y'^''2;e''?-2^(7^^g(2:o,u'o,x) = 9^90-5 + ^ j,^^^^^2)r(fc+ 1) 

'""z^ K2k+d/2^i{\q\'^o) + S^ij^qjZQy j K2k+d/2-2{\q\^o) 

^2„„2^ \ k+d/i-1 



/ 2 2 -2 \ ± 
-S^oik +1-1) [^^^j i^2fe+d/2-2(|g>o) 



The symbol go in the first term on the right hand side denotes the derivative go = ido with respect 

to Zq. 
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2.3 Bulk-to-boundary propagator of the gauge boson 

Following [H], let us now consider the bulk-to-boundary propagator of the gauge boson in Lorentz- 
like gauge. It is given by the simple expression 

z''"^ 1 d z'^-'^ 

G,,{z,x) = N,S,, ^ - N,d,,^^^—^^^_ ^ , (2.12) 

where the normalization 



(d-2)r(d) 



27r''/2(d-l)r(d/2) 

is chosen such that the bulk-to-boundary propagator Gji{z, x) — > 5ji6'''^^{z — x) in the limit where 
zq is sent to zq — 0. The formula we state here is valid for dimensions d > 2. 

Performing a Fourier transform in the spacial coordinate x on the boundary, we obtain 



Kd/2-iizo\p\) 



-^Ao»Pj4'' p(^_^) [^J Kd/2-2{zo\p\) .(2.13) 



This expression simplifies considerably when we set d — i. In this case, the normahzation A^4 takes 
the form N4 = and therefore 

G^j(zo,p) = zo[S^,j\p\Ki{zo\p\) - ipjSfj,oKo{zo\p\)] . (2.14) 
2.4 Bulk-to-bulk propagator of the graviton 

Finally, we turn our attention to the bulk-to-bulk propagator of the graviton. According to [58] 
this quantity reads as 

= {df,dij_>udi,dy'U + df,dy'ud,yd^'u)G{u) + gf^i,gf,:y> H{u) + . . . (2.15) 

Here the dots . . . stand for terms of the form dpX where p = ^jl, v, v' . These turn out not to 
contribute to our computation below. Furthermore, G is the massless scalar propagator 

G{u) = 2^ 2 J-i(rf/2, {d 4- l)/2; d/2 + 1; i') ^n-^^'J^ 2{d + 2k)T{k + 1) ^'' ' ^^'^^^ 
where 



The function H, finally, is given by the following two explicit formulas 
"^""^ = -(l^l^I + |^r^2C,(2e)''-SFi((d-l)/2,d/2;d/2-Hl;e^) (2.17) 

2 ^-^^ r(^ + fc) ^ id-2)i'^-^^ r(^ + fc) 

(d-l)7r^ ^2(rf + 2A:)r(fc + l)^ {d ^ I) tt^^ ^ 2(d + 2fc)r(fc + 1) ^ 
Before studying the Fourier transform, we evaluate the quantity 



2k 



o ^ 1 r — 10)11^ (W ~ Z)n' (Z — W)'^. _ 

ZQWo '^'^ zo^o ^qW^o 22^wg 



Let us anticipate that only the first of these terms does actually contribute to the high energy 
behavior. With this is in mind we focus on the relevant part by defining 

G^,!l,,,'^'izo,wo,x) = ^ ■j^^^—^Sf,f,,S^^> + -j^^^^S^^rS^f,,^ G{u). (2.19) 
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Its Fourier transform is easily computed and reads 

(^"' ^0' «^ = / '^'^ ^2;^^'-' (^0' ^) = + ^^^•^'^-'^''^ (2.20) 

^ (zo^o)^'-+'^-^ ngT^'^'^^^ , 
xZ.r(fc + rf/2 + l)r(fc + l) (,4^j ^2.+./2(-ok1), 

where = z — w, as before. Subleading terms can be obtained in a similar way, but they will not 
be needed in the present context. We finally mention that, for large \q\, the Fourier transform of 
the function G{u) goes as l/|qp [48]. 



3 Graviton exchange in the high energy hmit 

The aim of this section is to compute and analyze high energy Hmit of the scattering amplitude 
A{s, t) introduced in the previous section. Since we are interested in the AdS^ case, we shall set 
d = 4 from now on. We switch to Minkowski metric g = diag(+, — , — , — ). However, for simplicity 
we continue using our previous notation: i.e. pj now stands for the four vector {pj-4,pj-i,pj-2,Pj;3) 
with \pj\'^ — —Pj-4 i +-Pi-2 ~^Pj-3 ~ ~Pj' Latin indices continue to run from 1 to 4 (where the 
fourth component denotes Minkowski 'time'), and Greek indices run between and 4. 

The first subsection contains the main results on the high energy limit. In the second subsection 
we make an attempt to re-interpret the result as coming from a correlation function in AdS^. 
Finally, we investigate in some detail the properties of the forward scattering at infinite 't Hooft 
coupling. 



3.1 The graviton exchange 

Let us begin by computing the contribution to the four-point function of i?-currents that is obtained 
from the exchange of a single graviton in the t-channel (left figure in [1]) . According to the rules of 
the AdS/CFT correspondence, this quantity is given bju 

I = ^ y Zo i Wo ^(13)M''(^)G^M>';M''''(^'^)^(24)mV'(w) . (3.1) 

We shall refer to T(ij) as the stress-energy tensor. It is determined through the bulk-to-boundary 
propagators of the gauge boson and it contains the coupling between gauge bosons and gravitons. 

T(i3,)^,u = zld^f,Gx\jx (z, xi)d[^Gx\j-, {z, fg) + zld[yGx]jx (z, xi)(9[^Ga]j3 (z, fa) 

-]j^zl5^^d[aGp]j^{z,xi)d[aGp}j^{z,x3) . (3.2) 

Note that T satisfies the four-dimensional Ward identity by construction. We shall see below 
that only the first two terms of T(^i^)^^ contribute to the high energy behavior of the amplitude. 
Performing the Fourier transform of the expression l|3.ip we obtain 

P''{p^) = /'n'^'^^e"*^.^^^--~^/G«(f,) = (2^)^5(^)(^P*0 (3.3) 

i i 

X 7 / — [ ^^f(^13)tii'izo,Pl,P3)T(^2i)ti'u'iwo,P2,P4)Gf,u-f,^ (3.4) 
4 J Zq J Wo 

where 



T, ^ — / ^4 Ji ipi-{xi-z) ip3-(x3-z) nn /o c^ 



^The correlation functions and amplitudes are calculated up to multiplicative constants, which can be easily 
restored from the action H2.7|l . 
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Before we analyze which terms give the leading contributions to the high energy behavior, we recall 
that we still need to contract our amplitude with the appropriate polarization vectors 

ifXxsM = T.J''^(pM':^(pMs'^(P^y'i^^^^^ (3-6) 

Since the amplitude p.4p satisfies the Ward identities associated with the conservation of R- 
currents, we are allowed to shift the polarization vectors l|A.2p by the momenta of the corresponding 
particles. If we allow for this additional freedom, the polarization vectors may be brought into the 
form displayed in eq. l|A.4p of the Appendix. We note that contractions of these shifted polarization 
vectors with any tensor cannot give additional powers of the energy s. Hence, we can determine 
the dominant terms of the scattering amplitude before we actually switch to the polarization basis. 
After these remarks let us look back at the form of the stress-energy tensor T. Each of the 
three terms contains two derivatives which are replaced by momenta after Fourier transformation. 
These are combined with two more momentum components from the second stress-energy tensor. 
Therefore, we can at most obtain terms which are of the order s^. But this requires that momentum 
components of pi and pa are contracted with momentum components p2 and p^. Terms in which 
pi is contracted with pa, on the other hand, are clearly subleading. This implies that we can 
drop the term in the second Hue of eq. I|3.2p and it explains why we had previously introduced 
the quantity G^^^ in our discussion of the bulk-to-bulk propagator for the graviton. In fact, G'-^-' 
contains all terms of the propagator that can contribute to the leading high energy behavior. We 
can summarize the results of our discussion through the following two formulas 

Gl ,{zo,Wo,q) sa — — {p2^Pl^'P2JPl■i> + P2iPlj-P2jPl^>) G , (3.7) 



T{l3)^u{zo,Pl,P3) ~ Zoi^^^klS^k3 + S^kiSf,k3)PlkiP3k3 X 

X [pinP^j3^oi^o\Pi\)^o{zo\P3\) - Sj,j,\pi\\p3\Ki{zo\pi\)Ki{zo\p3\)] (3.8) 

for the high energy limit of the graviton bulk-to-bulk propagator and the stress-energy tensor, 
respectively. Here and throughout the rest of the paper, « means equality up to terms that are 
subleading in the high energy limit. Note that the graviton propagator has exactly the form that 
is expected in the Regge limit: for the exchange of a spin one gauge boson it is well- know that the 
leading high energy behavior comes from a particular t-channel helicity state. If j {j') denote the 
upper (lower) Lorentz indices of the i-channel exchange propagator and pi (^2) the large momenta 
at the upper (lower) vertex, this dominant heHcity state contributes through the tensor 

'J^. (3.9) 

s 

In eq. I|3.7p we see that the leading behavior of the graviton exchange can be interpreted as the 
(symmetrized) tensor product of two spin one bosons. Furthermore, as we will demonstrate below 
the first and the second term within the square bracket in the last line of eq. p.Sp correspond to 
longitudinal and transverse polarization of the i?-boson, respectively. 

If we now substitute the two expressions (|3.8p and l|2.20p back into the amplitude l|3.4p and use 
that {pi ■ P2){P3 ■ Pi) ~ we arrive at the high energy Hmit of the graviton exchange: 

^Roggo = (27r)'^5^''HX!P«) Y / / dwo'^j,j3ipi,P3;zo)T,{\pi+p3\,zo,wo)'^j2jiiP2,P4;wol3.10) 

i 

where 

s(bi+p3Uo,..o) = E r(.\i)r;fc + 3) (^^) ^-^(bl+P3ko),(3.ii) 

*J1J3(P1.P3;^0) = ^jihiPl^P3)Km{zo\pi\)Km{zo\p3\) , 
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while 

WJ'^Wp^,?^) = ('^.U3|Pl||P3|'5„H,l -plj,P3,3'^mi,0) . (3.12) 

This formula has reminiscent of eq. I|l.ip where ^j^j^ plays a role of an impact factor while + 
Pal, zo, Wo) is the analog of a propagator. 

It is convenient to switch to the helicity basis: by contraction with the polarization vectors 
from eqs. (jA.4p and IjA.SP and making use of the orthonormality of the transverse polarizations we 
obtain 

^xX^P^^P^) = E4^^(Pl)43''(^^3)*W^™/3(Pl'P3) 

]1 ,33 

~ |Pl||P3|(^mi,l'^Ai,/i<5A3,h + (5mi,O^Ai,L'5A3,L) , (3.13) 

i.e. the first term with mi = 1 only contributes to the transverse polarizations /i = ±, whereas 
mi — Q belongs to the longitudinal polarization. From eq. (|3.13p we learn that helicity is conserved: 
Ai = A3. As we also see in eq. p.l3p . the quantity W\^^\^ in the heHcity basis only depends upon 
the virtualities of the external currents. Consequently, also the "impact factor" in the heHcity basis 

*aiA3(IpiMp3|;^o) = y^Zx,{piJ^)KMvi\)K„,{zom), (3.14) 

m=0,l 

only depends on the virtualities. 

With these expressions our scattering amplitude finally reads: 

-4ai"a2A3A4(s.^) = y / dzodwo<^x,x.,{\pi\,\p3\;zQ)T.{\pi+p3\,ZQ,wo)<^x^xA\P2\,\p4\;wo) . (3.15) 

The amplitude p.lSp is proportional to s^. To be complete, one also has to consider the 
exchange of the graviton in the s- and u- channels. In these cases the last term of the stress-energy 
tensor l|3.2p is also important. Counting powers of momenta in the stress-energy tensor one might 
at first expect to get additional contributions of order s^. But, unlike in the t-channel exchange 
that we have discussed at length, the s- and u-channel exchanges of the graviton are suppressed 
by an additional factor that comes in through the graviton propagator itself. Therefore, there 
is no need to analyze such contributions to the amplitude any further. 

Equation p.isp should be compared with the weak coupling result (|l.ip . Again we have the 
structure of two impact factors <& which depend upon the virtualities of the external currents, 
connected by an exchange propagator E and convoluted by a two-dimensional integration. The 
power of s refiects the spin of the exchanged graviton. On the gauge theory side, in the weak 
coupling limit, the amplitude is given by the exchange of two gluons, and higher order corrections 
in g"^ replace the two gluon exchange by the BFKL Green's function, modifying the power of s from 
1 to 1 -I- loq. On the string side it has been argued that, due to the reggeization of the graviton, 
the power behavior of the graviton exchange will be modified to s^~^ where A = 0{1/VX). 
However, in order to compute A, one has to go beyond the supergravity approximation used in 
this paper. 

3.2 Going back to configuration space 

In the previous subsection we determined the leading Regge asymptotics for the Fourier transform 
of the four-point correlator of i?-currents. The result was expressed in terms of the four momenta 
Pi and it involved an infinite summation in the construction of the kernel functions E. In principle, 
one might attempt to perform the inverse Fourier transform and to re-phrase our result as an 
expression for the four-point correlator of i?-currents. But the answer turns out to be rather 
compHcated. 

We will therefore take a different route and perform an inverse Fourier transform exclusively 
in the transverse momenta. To make this more precise, we fix a particular frame: working in 
the Minkowski metric g^i, = diag(l, —1,-1,-1) we take the large momenta along the 3-axis. We 
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introduce the light-like reference vectors pA — (p, 0, 0,p) and pb — (p, 0,0, — p) with s — Ap^ , 
and the transverse momentum vectors p^;^ = (0,pi;i,pi;2, 0) {i — 1,...,4), = (0, gi, 92, 0) with 
p1.^ = —Pi, = —q^- Throughout this subsection, we adopt the four vector notation pi = 
{pi-4, Pi;i, Pi:2, Pi:3) , and we take the momenta ps and P4 to be outgoing. Momenta in bold face 
refer to the 2-dimensional transverse space. For large s we find 

A Qi + pi± - i(pia + P2;±? \ Ql+ pIi_ 

Pi = IH PA —PB + Pi;_L , 

V s j s 

Ql + P2 ± Q\ + P?.± - \{Pl-A + P2;±)' \ 
P2 = + IH ■ PB+P2;±, 

V ' ) 

(, , Ql+P4a-KP3;±+P4a)'\ Qi+pU , 

P3 = IH ^ PA PB + P3;± , 

Ql+P4a , (, , Qi+P|±-^(P3;i+P4;±)'\ 
P4 = — PA + iH ^ PB+P4;J. 

V ' ) 

with pi;_L — P3;j. = P4;j_ " P2 ; ± ■ HcrB we introduced the virtualities Qf = IpiPi and for the 
momentum transfer t we have 

, , ,2 , {QI-QI+pI^-pIJ{QI-QI+pI.^-p1.i) , 2 

i = (Pl;± -P3;±) H q ■ (3.16) 

We now compute the two-dimensional Fourier transform with respect to q: 

-'-T.Roggc - /2^^8 / ll"P»lif^ 

^ ^ i i 

X (271)2^(2) (p^ + p2 - p3 _ pj i) . (3.17) 

Here, the two dimensional transverse vectors Xi define the positions in transverse space of the 
scattering i?-currents. In particular, the difference b = ^{xi + x^) — \{x2 + X4) is the impact 
parameter. The subscript T indicates that the Fourier transform has been performed in the trans- 
verse space only. In calculating the two-dimensional Fourier transform we recall that s and \pi \ are 
kept fixed so that the integration over transverse momenta only effects the arguments of the delta 
function and the variable t ^ — \pi + p^\'^ \n eq. (|3.16p . The result is 

Ix.Lggc « 5(^\x^~x:,)5^^\x2-x,) (3.18) 

XtT / '^^ozl I dlUoWo$AiA3(|PlUP3|; Zo)GA=3,d=2(w) ^'A2A4(IP2|, |P4|;«^ol3.19) 



The variable u= (1 — ^)/i^ is related to a 3-dimensional analogue of our variable ^ through 

F _ 2zowo 

The function G that appears in formula l|3.18p is obtained as a special choice of the scalar Green's 
function in AdSd+i pl[60l [611 [62] 



'^^f"' = i^^^^nnitt 1) ^-- ^^(». A - j + l;;^ ,3.20) 

Our parameters A = 3 and d = 2 are associated with a scalar of mass m? — A(A — d) = 3 in 
AdS^. Standard properties of hypergeometric functions allow to simplify the expression for this 
particular propagator to read 



r (rA 2 - P - 2v/T^ 

trA=3,d=2(uj = , ■ (3-21) 
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Figure 2: Integrals of the amplitude l|3.18p plotted as a function of b and fixed Qi — 1. Different 
lines correspond to different polarizations of i?-bosons taken from the Bessel function subscripts, 
namely 1 T and ^ L. For b ^ oo the amplitudes Xtt, Xtl = Xlt, Xtt vanish as -^b"^ , 
2^^"'. respectively. 

Note that the dependence of the scattering amplitude on the 2-dimensional positions Xi is 
rather simple, in that the transverse positions of the incoming currents are conserved: Xi — x^ 
and X2 — X4. In our computation, the delta functions appear while taking the high energy limit. 
Our formula p.lSp can be used to study the b-dependence of the high energy scattering amplitude. 
For large impact parameter, we expand in inverse powers of b^, and the leading terms has the 
exponent S = —6. In the regime in which is small, the scattering amplitude is proportional to 
log&2. Numerical curves of the amplitude p.lSp are plotted in Fig. [21 

3.3 Investigation of the forward amplitude 

Before we spell out and study the formula for the amplitude at t = it is useful to re-expand the 
function E that was introduced in eq. I|3.1ip in the vicinity of vanishing —t — Iql"^ = \pi +P3\'^. 
This may be achieved with the help of eq. l|B.2p . The resulting series 

00 

i:{\q],zo,wo) = ^Igf^f/™, (3.22) 

m=0 

is often helpful to read off properties of the Regge limit l|2.4p . Its expansion coefficients Um are 
spelled out in Appendix [C] in terms of hypergeometric functions. Only the first summand Uq is 
needed for the forward amplitude: 

/>OC 

■^xXxsxA^^t ^ ^) = / dzoz^^x,x.,{\pi\,\p3\;zo) 

Jo 

poo 

X / dwQWQ^x^x^{\p2\,\p4\;WQ)^GA=2.d=o{u) , (3.23) 

Jo 

where u = (zq — wq)'^ /^zqWo, and the propagator 

GA=2.d=o{u) = \ ^ {9{wo - zo)zq + 6{zo - wo)wq), (3.24) 

4U'qZq 

is again a special case of the scalar propagator in AdSd+i that we had introduced previously in eq. 
Il33nl) . 




11 



1 



0.8 



0.6 
0.4 
0.2 


0.5 1 1.5 2 

r 

Figure 3: The amplitude functions defined by Eq. p.26p plotted as a function of r = Qa/Qb- 

In the following evaluation of the forward amplitude we restrict ourselves to two independent 
virtualities denoted by Q\ — — |p3p and = |p2p = |p4p- First we are interested in the 
behavior of the high energy amplitude as a function of the ratio r = Qa/Qb- We start from eq. 
I|3.23p . From eq. I|3.13p we know that helicity is conserved, i.e. we have the four possibilities that 
the helicities Ai = A3 = Pa and A2 = A4 = Pb are transverse or longitudinal. Let us denote these 
cases by PaPb = TT, LT, TL, and LL, resp. Correspondingly we write: 

Af^Ps i = 0) = ^Xp,p, , (3.25) 
^Qb 

where 

/■oo 

XpAPBir)^r^ / dzBdwBiO{wB-ZB)z%WB+0{zB-WB)w%ZB)K^JzBr)K^^{wB), (3.26) 
Jo 

and Pa,Pb stand for the two polarizations T,L. The index of the Bessel function is given by 
rriA = 1 when Pa = T and by = for Pa ~ L. Our integration variables zb and wb are 
related to zq and wq through zb = zqQb and wb — wqQb- 

The functions (|3.26p are plotted in Fig. [3] as a function of the ratio r = Qa/Qb, for all choices 
of polarizations. When r ^ 0, the integrals Xll and Xlt go to the finite values 

XLL{0) = fs and 1lt(0) = ^ . 

The other two integrals Xtl and Xtt, on the other hand, diverge logarithmically, i.e. 

^tlW ^^lnr~' and XTxir) ^ ^ In r'^ 

for small r ^ 0. The behavior of the amplitudes at large r can easily be obtained using the 
symmetry with respect to the exchange of pA and pb- Our definition of the quantities X respects 
the exchange symmetry only up to an overall factor r'^, i.e. 

Xp.pAyr) - r^Xp^pAr) ■ (3.27) 

From this we can immediately read off the asymptotic behavior of X at large values of r. The 
functions Xll and Xtl vanish Hke while Xlt and Xtt behave as r~''lnr^. 

The region of large r = Qa/Qb corresponds to the limit of 'deep inelastic scattering' of the 
upper i?-current on the lower i?-current, i.e. the upper current plays the role of the photon, the 
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lower one that of the target. Since in the Witten diagram approximation our scattering ampHtude 
has no imaginary part, we cannot compute a cross section; nevertheless, it may be instructive to 
analyze the power behavior in r. Introducing the scaling variable Xbj ~ Q\ls, and combining, in 
eq. p.25p . the power r~'* of Xp^p^(r) with the factor in front of the integral, we find for large 
r the leading behavior 



for (PaPb)= LL and TL, whereas 



aGR 

■^PaPb 



aGR. 
■^PaPb 



1 

Xbj 



I Inr" 



(3.28) 



(3.29) 



for the cases LT and TT. As we have indicated after eq. (|l.ip . the limit = Q\IQ\ — > oo is 
connected with the short distance behavior of the product of the i?-currents J{x\) and J{xz). 

It may be of interest to compare this behavior with the large r = Qa/Qb behavior of the 
weak coupling limit of the forward scattering amplitude in A/" = 4 SYM in eq. I|l.ip . For large 
f — Qa/Qb^ the maximal power of logarithms in r comes from the region of strongly ordered 
transverse momenta: Q\ ^ ^ Q%. In addition, the impact factors '^a and ^b, depending 
upon the polarization of the external currents, may contain logarithms of the type \nQ\/k'^ and 
InfcVQl- From [13 [ig we take: 



$A,p.(Qi,fc') 




(3.30) 



This leads to 



•^PaPb 



Ctt 


In^ r2 


: {PaPb) 


^ {TT) 


ctl 


In^ r2 


■■ (PaPb) 


^(TL) 


clt 


In^ r2 


■■ (PaPb) 


^{LT) 


cll 


In 


■■ (PaPb) 





(3.31) 



and the constants are composed of the coefficient functions and anomalous dimensions. Returning 
to the graviton exchange amplitude, it is suggestive to associate the Inr^ modification also with 
anomalous dimensions: it would be interesting to perform a systematic operator analysis of the 
strong coupling limit. 

In the last part of this section we would like to determine the region in the integration over zq 
and Wo from which the four amplitudes X receive their dominant contributions. Let us consider 
the integrands of the functions Xpp> which we now write as 



X 



pp, — 



dwsJpp' 



(3.32) 



As one can see from eq. I|3.26p . the integrand is finite at zs = and wp — 0, and due to the 
Bessel functions it falls off exponentially at infinity. One therefore expects, for Qa ^ Qb, the main 
contribution to the integrals to come from the region where zp and wb are of order unity. There 
are two kinds of maxima: first, there is a 'ridge' along the diagonal line zp — wb, resulting from 
^-functions in eq. p.26p . Second, there are local maxima away from the diagonal. Maxima along 
the ridge are found from the condition 



dxJpAPsi^B =wb= x)\x=xp^pg = 0, (3.33) 

which has the form: 

= 2{mA + mp +i)KynArx)KraB{x) - 2vKmA{rx)KmB+i{x) - 2rxKraA+i{rx)Kyng{x) , (3.34) 
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Wb = Wq Qb 




VTT VTL ZB = Zq Qb 



Figure 4: The position of the integrand maximum in the (zq, wq)— space as a function of Qa and 
with Qb = fixed for different i?-boson polarizations. The black circles denote points corresponding 
to Qa for polarizations TT and TL. 

whereas the other extrema satisfy the conditions 

dwBJPAPB r^W%ZBKrnAirZB)'^KmBi'WB) iC^mB + h)K,ng{wB) - 2wBKmB + liwB)) = 0, 

dzB-JPAPs = r'^W%KraA{rZB)Kyng{wBf {{2mA + l)KmA{rZB) - 2rZBKraA + l{rZB)) = 0. 

We remind that toa {^b) refer to the heHcities of the upper (lower) i?-currents, and m = 1 (m = 0) 
belongs to transverse (longitudinal) polarizations. In the following we describe the results of our 
analysis which are illustrated in Fig. [H 

Let us begin with the special case in which the two virtualities Qa and Qb are equal, i.e. r — 1. 
The maximum of the integrand lies on the diagonal fine line at zb = wb = xpj^Pb'- in Fig.[4]these 
points lie to the left of the points labeled by 'TT'. The numerical values of vtt ~ 1.3316 and 
vtl ~ 1.5527, as expected, are close to unity. This implies that, in the graviton exchange Witten 
diagram in FigdJ the coordinates zq and wq of the interaction vertices are both of the order 1/Qb- 

Next, let us fix and consider the amplitude as a function of r = Qa/Qb- When r decreases, 
the maxima on the ridge at zb = wb = xp^^p^^ move upwards along the diagonal. For the 
polarizations TT and TL, they reach, for r = 0, their final values at the points marked by 'TT' 
and 'TL', resp. For the other two cases, LL and LT, the maxima continue to move along the 
diagonal ray until they reach, for some value r^'^ their turning values denoted by y^^ and yj^ . 
After that they continue along the horizontal lines to the right of these turning points. For small 
r, their zp coordinate grows as 1/r. 

Next we consider the Hmit r ^ oo. Beginning again at r = 1 on the diagonal line and increasing 
r, the maxima zb — wb = xp^Pb now move in the opposite direction, towards the origin. For 
the cases TT and LT they stay on the diagonal until they reach the origin, and for large r the 
values xpj^Pg decrease as 1/r. For the polarizations LL and TL, there are again turning points at 
Ub.ll = Vb.lt, and beyond these points the maxima move on the horizontal line towards the wb 
axiso 

Let us visualize these results in the graviton exchange diagram in FigdJ When Qa becomes 
large (at fixed Qb), we have found that zq ^ 1/Qa becomes small, i.e. the vertex where the 

^These conclusions for the large-r behavior can be obtained from the observation that the integrands Ip^Pb are 
invariant when replacing r by i.e. /p^Pg(l/r) ^ r^lpgp^{r). This symmetry can then be used to evaluate 
the amplitudes for large values of the ratio r. 
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exchanged graviton couples to the gauge boson moves close to the boundary, for both polarizations 
Pa =T and Pa =L. For the lower vertex we see a difference between transverse and longitudinal 
polarization of the target current: in the former case, wq ~ 1/Qa becomes small, in the latter case 
wq remains constant of the order 1/Qb- 



4 Gauge boson exchange in the high energy hmit 

In the following pages we shall briefly analyze contributions from gauge boson exchange in the 
bulk. In analogy to the case of graviton exchange, the leading contribution arises from the t- 
channel exchange of the gauge boson. Not surprisingly, this leading term is linear in s and, hence, 
subleading when compared to the graviton exchange. 

We restrict ourselves to the abelian part of the SU{A) group. The coupling of the external gauge 
boson to the exchanged bulk boson then proceeds only through the Chern-Simons interaction term 

d!^ zcLzqe f,i,p„xdt,A^{z)dpA„{z)Ax{z) . (4.1) 

Using once more the standard rules of the AdS/CFT correspondence, we can determine the am- 
plitude for boson exchange in i— channel to be of the form 

I ^ j ^ zdZQ J d wdW0£fij^f_i2fJ.3fiifJ.^£vil^2''3'^4'^5'^[tJ,l^tJ.2]jli^T-'^i)^[tia^P-'t]jai^''^3) 

xG^^i,,Xz,w)d[,,^G^2]j2{w,x2)d[^^G^^]j^{w,X4) , (4.2) 

where the partial derivatives d acting on z and w, respectively. There are similar amplitudes 
including derivatives on the bulk-to-bulk propagator. But all these contributions to the full t- 
channel exchange turn out to be identical, as a result of the Bianchi identity. As in the case of the 
graviton exchange, we perform the Fourier transform, i.e. 

/CS ^ f d'^pid'^p2d'^p3d*pi e*Pi-*i e'P^-^^ e'P^'^^ e'P^'^^ . (4.3) 

After tedious calculations one finds that, in the high energy limit, the main contribution comes 
from Eq. (|4.2p with both nonzero ^5 = m ^ and 1^5 ~ n ^ 0, i.e. 



^Rcggc = 4 / d'^zdzo J d'^wdwoSQ^^ 

'^[0^I-I2]n ^l)'^[A'3^A'4]j3 ^3) 

X Gmn [z, w)d[oGi,2]j2 (W, f 2 )<9[y3 '^I'i]^ iw,X4) 



Xl X3 \ ^ / X2 ^ X4 \ ^ I Xi ^ X3] X2 ^ X4 



(4.4) 



The Fourier transform of this expression is given by 

^Regge = i2i:)H(^\p4+P2+P3+P,)WfX 



X <^ / dzQzl / dwowl\p'i\Ki{zQ\ps,\)Ko{zo\pi\) 



i^2fe+i(k>o) /zoH'kT'"^'^' 



r(fc + 2)r(fc + i) ) l^^4|i^i(-ob4l)i^o(-ob2l 



Pl P3 \ ^ IP2^ Pi \ ^ I Pi ^ PZ]P2 ^ PA 
jl ^ J3 / W2 ^ J4 / V ^ i2 ^ J4 



(4.5) 



15 



where the polarization tensor W takes following form 

-s\Pi\^P2j^iSn34<l]3 - ^T.V4<ln) - s|P2pPiji('5j3j4'7j2 - ^njsQjJ (4-6) 
with q^pi +P3, as before. Going to the polarization base (|A.4p the tensor W'~^^ gets replaced by 

jl,j2,j3.ji 

= -s\pi\^\p2W2S^''^'' ~ 1)5^i^.mA2A4 ^ 

where are possible transverse polarizations. Putting this back into our expression l|4.6p we have 
now expressed the Regge limit in terms of the kinematical invariants s,t, \pi\. The whole amplitude 
is proportional to s, as we anticipated at the beginning of this section. Therefore, it is subleading 
when compared to the contribution from i-channel graviton exchange. We also note that only the 
transverse polarization contributes to the Regge limit of the i-channel exchange of gauge bosons. 
Furthermore, the helicity is conserved in the high energy limit. 

As in the case of graviton scattering (we can perform two-dimensional Fourier transform in the 
transverse momenta to get 



1 A3A2 A4 



X I dzQzl J dwowl\p3\Ki{zo\p3\)Ko{zo\pi\) GA=2,d=2(w) \p4\Ki{wo\p4\)KoiwQ\p2\) 

f + ( ? " ? V f f " f " ? ) (4-8) 

with W^^j^ ~ s defined similarly to W"™j and the scalar propagator Ga d that was spelled 
out in eq. (|3.20p . Finally, we would like to provide an expression for the forward limit, i.e. when 
|pi +P3I = M ^ 0. In this limit, the terms in the curly brackets of eq. I|4.5p give 

{■■■} = J dzo J dwo\p3\Ki{zo\p3\)KQ{zo\pi\) i6{wo - zo)zqwI + 8{zo - wo)zqWq) 

X \p4\Ki{wo\p4:\)Ko{wo\p2\) ■ (4.9) 
Thus, for pi = —p3 p2 = — P4, we are left with 

^forward = {2tt)'^6^'^^ [pi + P2 + P3 + Pi){S> Pi ' P2) {S^j^^jsji ~ Sj^isSjiu) 

X dzo dwQZ^wl \pi\^Ko{zq\pi\)Ki{zq\pi\) GA=i.d=o(w) \p2\^Kq{wo\p2\)Ki{wq\p2\){4:.W) 



The scalar propagator G in the second line is defined through eq. I|3.20p . It assumes the following 
form ^ 

GA=i.d=o{u) = {0{wo - zo)zq + 9{zq - wq)wI) . (4.11) 

200^0 

We conclude that the exchange of the gauge bosons in the channel can give contributions to 
the scattering amplitude at most proportional to s, and it is of the same order as subleading terms 
of the graviton exchange. 
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5 Summary 



The aim of this work was to calculate in the Regge limit the scattering amplitude of i?-currents 
for A/" = 4 SYM theory at strong coupling. We make use of the AdS/CFT conjecture which maps 
this amplitude on four-point correlation functions of i?-bosons in supergravity which live in the 
Anti-de Sitter space. We have computed Witten diagrams of graviton and boson exchanges in the 
i— channel. Similar to gauge theories, the exchange of highest spin dominates, i.e. the leading 
contribution comes from the (real-valued) Witten diagram with graviton t-channel exchange. This 
confirms the duality between the two-gluon exchange in J\f — A SYM and the graviton exchange 
in the strong coupHng region. On the gauge theory side, the sum of leading energy logarithms 
replaces the two gluon exchange by the BFKL Pomeron. On the strong coupling side, it has been 
argued that the behavior of the graviton exchange is replaced by s^~^ where A = ©(I/VA): 
however, the computation of this correction A cannot been done in the supergravity approximation 
used in the present paper. For spin-1 boson exchange, which is due to the Chern-Simons vertices, 
we found the expected high behavior proportional to s; heHcity is conserved, and amplitude with 
longitudinally polarized bosons are subleading for large s. 

For the graviton exchange we have found that, in the transverse (2 + 1)— dimensional configu- 
ration space, one can re-formulate the scattering amplitude as the exchange of an effective field, 
build from a scalar field with dimension A = 3. 

We have also analyzed how the graviton exchange amplitude depends upon the virtualities of 
the external currents. For large — Q\/Q'^, the power behavior is the same as the leading twist 
behavior on the weak coupHng side, and the appearance of a logarithm, Inr^, hints at the presence 
of an anomalous dimension in a short distance expansion. A systematic study should be done in 
a separate paper. 

The virtualities of the external currents determine the distance of the vertices away from the 
boundary. In particular, we have analyzed in some detail the limit r ^ oo, i.e. the analogue of 
'deep inelastic scattering' where the virtuality of the upper i?-current is much larger than the lower 
one: in this case, the distance of the upper 'impact factor' from the boundary is small, of the order 
1/r. A similar result has been found in |49 [ [50 j [51]. 

We view our results as a first step towards a systematic calculation of the Regge limit of the 
scattering amplitude at strong coupling. In particular, in order to obtain a nonzero imaginary part, 
one has to go beyond the tree approximation of Witten diagrams. In [ill |45l [47j a semiclassical 
approximation of string theory has been proposed. Another possible line of investigation might 
follow the classical paper of Amati et. al [63] in which string theory in fiat space has been 
investigated. 
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A Euclidean polarization vectors 

The polarization vectors ^^\'Pj) should satisfy 
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where Li-^^i^ — 1 when ij is longitudinal {L) and when ij is transverse (/i = ±). The star denotes 
complex conjugation. One of the possible solutions reads as 

Ah) 

-P2 , 



e<^)(pi) 






e<'')(pi) 










e<''(p2) 








-^P2 + q) , 








\k^^P^~ 




e<'')(p4) 


= 4'^ + 



s 

2p2 ■ Et ^ 
—Pi , 

s 

2(pi ~ q) ■ , 

P2 , 

plus subleading terms which do not contribute. We denote the transfered momenta q — Pi + p^ 
while 

= -^(0,l,±i,0). (A.3) 

In Eq. (|A.2p we have shown only the leading terms in s. Using the Ward identity one can shift the 
polarization vectors to 

if 1 • 4' . 

-P2 , 





2|pi| ^ 






e^^HP2) = 






= + 




-^P2, 


e^"HP3) 













s 



Pi , 

S 

P2 , 

^ii^A. (A.4) 

s 

The resulting vectors l|A.4p do not satisfy eq. l|A.ip . For amplitudes which satisfies the Ward 
identity the contraction with polarization vectors of eq. (jA.4p gives the same results as with eq. 
l|A.2p . Moreover, since their contraction with other tensors can not produce additional powers of 
s, they are much simpler in use. Changing the sign of the metric and performing the Wick rotation 
one can get the similar polarization vectors in the Minkowski space. 

B Momentum space 

Following [23], Feynman integrals / in momentum space can be calculated using the Schwinger 
representation, i.e. 

flT-^m-d/2^-TX„^-^ 



27r'*/2 ^|^-.^|^-+l-d/2 



, 1^ \ o ; ^m+i-<i/2(a^o|gi|)- (B.l) 

1 (to + 1) \2a;o / ' 

For integer positive v the modified Bessel function reads as 

K^iu) = 1/2K2)- ' tl' + ln(u/2)K2)- ^^^'Jf 

k=0 ' fc=0 "'^'^ '' 

+(-i)''i/2(«/2)-^ +i)+i^{u+k+ 1)) ; 'J . (B.2) 
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C The resummed contribution to the graviton propagator 



The sum defined in eq. i|3.1ip with q— |pi + | and = \/ w\ + Zq has a following form 

oo oo 2fc+5 2fc+5 / „2 \ *+! 

2^^^ 24™r(2m+l) r(fc + l)r(/c + 3) 117^'= 

g^zS^S ^ (-l)2'"54m^4m ~ r(2fc + 1 - 2m) z2fc^2fc 

23^2 ^ 24™r(2m + 2) ^ r(fc+ l)r(/c + 3) ro^*^- 

_l r .g.^o^u^o^g^f^ (g/2)^" tnr-^'- (-l)^^.g^t.g^ 

24 ^^^r(3 + 2m)^^r(2m-2fc + l)r(fc + l)r(fc + 3) 

.5,,,5„6 °o ('o/9^4m ™ 4m-4fc+2 / i ^2fe „2fe,,,2fe 

26 r(4 + 2m) ^ r(2m - 2fc + 2) r(/!c + l)r(fc + 3) 

„4_5„,,5 °° (n/9\'^"^ ™ 4m-4fe / i N,2fe _2fe„,,2fc 



25 ^ r(2TO + 3) ^ r(2m-2fc + l)r(fc + l)r(fc + 3) 

m— A;— / \ / v / 

X (?/'(2m - 2/j + 1) + '0(2m + 3)) 

q^zlwl ^ ((7/2)4™ ™ ^4r„-4'=+2 (_l)2fc^2fe^2fc 



r(9m A\ 2^ 



27 r(2m + 4) r(2m - 2fc + 2) r(fc + l)r(fc + 3) 

X (V'(2m - 2A: + 2) + 7/i(2m + 4)) . 

oo 

E (^i.'' + '^'^i'^ + 9'^!?' + + g'?;!;^^ + ^"t^^') (c.i) 

m=0 



where 



„ 2m+5 2m+5 3^2 1 , 1 , 5 ; "1 + 1 , m + 3; / , 0x2 

2{wl + zlf r(m+l)r(m + 3)r(2m+l) ' 



and 



r^^) = _2-4™-2!LiC) 1 ^ OXT..O o ^ ■ (C.3) 



3F2 i l,l;m+ l,m, + 3; 



4wf,zf, 



2(u;2 + z2) r(m+l)r(m + 3)r(2m, + 2) 



Moreover, 

^"^ " ^ 2r(2m + 3)2^^^'^o+^°^'^ 1^ 2zoii'o y ' ^ ^ ^ 



and 



Ti^^ = 2~ 



4m-6 



Kzo)^'"+6 

2r(2m + 4)2 



where are Gegenbauer C polynomials. The last terms use 

(5) ^ K + zg)2"'-2^ (-l)2^zg^+^zz;g^+^ (V>(2m - 2fc + 1) + V>(2m + 3)) 

Z.r(2m-2fc + l) r(fc + l)r(A: + 3) 25r(2m + 3) ' ^ ' 
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and 

(S) ^ ^ jwl + z^^frn-2k+l (_ l)2/c^2.+5^2fc+5 (^(^m - 2fc + 2) + ^(2m + 4)) 

^ r(2m-2fc + 2) r(fc + l)r(/c + 3) 27r(2m + 4) ' ^ 

Performing the sum over k in eqs. l|C.ip and l|3.22p one can calculate the first few terms of the 
expansion in q, i.e. 

Uq = Tq^^ = 9{zq ~ wo)-zoWq + 9{wo - zo)-woz^ , (C.8) 
which determines the forward limit. Similarly, 

U, = Tf = eizo - wo)^{wl - 3zl) + 0{w, - zo)^(^o' - 3^^) (C.9) 

reproduces the next-to-forward contribution which appears at order g^. 
Thus, summing all terms suppressed by 9^ one gets 

f/2 = t['^ + + T^'^ = 0{zo - wo)^ {wt - Sz^,wl + ISzo^ - Uz^, In {z',q^ e^''- /4)) 

+9{wo - zo)^ (z^o - »^l^o + 18^0 " 12«^o In {^Iq' e'^" /4)) ■ (CIO) 
Terms suppressed by read as follows 



-60z4(^o+«^o)ln(^oVe2^- /4)) 



+ e{wo - ^o)|^ (^o' " IS^t^o + QOw^o + ^70wt 

-60w^ {wl + zl) In {wlq^ e^''^ /4)) . (C.ll) 

Similarly, terms suppressed by q^ give 

C/4 = ^ + Tp' + rf""' = 0(zo - ^^o) (i«o - 24z2u>^ „ 270z>^ + U20z^wl + 645z« 



-60z;^ (3z^ + 8wlz^ + 3w^) In {z^q^ e^''^ /4)) 

5 

-60w^ {3w^ + Sz^wl + 3z(*) In {w^q^ e'^'"' /4)) . (C.12) 
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